Let E0 , J0 , and Lq be the symplectic 2«-vector bundle, the compatible complex operator, and the Lagrangian subbundle that are determined by the t/(n)-extension of the principal 0(n)-bundle U(n) -> U(n)/0(n).
Introduction
A symplectic vector bundle E over a smooth manifold M has a compatible complex structure J. If E has a Lagrangian subbundle L then the Chern-Simons-Maslov classes ph(E, J, L) are defined by Vaisman [V] .
If E is a complex extension of a real n -vector bundle L then it is canonically a symplectic 277-vector bundle with a Lagrangian subbundle L. Suppose E is trivial. Then it is classified by the principal U(n)-bundle 770 : F0 = U(n) x0{n) U(n) -+M0= U(n)/0(n).
Let E0 be the symplectic 2n-vector bundle corresponding to the U(n)bundle Fo ~* M) > Jo the natural complex structure in Fo > and Lo the Lagrangian subbundle of Fo corresponding to the 0(7z)-bundle 77o: U(n) -* M0 . In this situation, we denote Fo by Uj0(Eo). In this note, we compute explicitly the class px(Eo, Jo, Lo) and the classes ph(E, J, L) for symplectic vector bundles E classified by Eq , under some conditions on the base space M.
Since Uj0(Eo) is a trivial L(77)-bundle by the off-diagonal section 5o: Mq -► Uj0(E0), the cohomology ring H*(Uj0(E0); R) is isomorphic to the tensor prod-Theorem 1. Let u £ HX(M0) = Z and v £ Hx(U(n)) = Z be canonical generators. Then we have px(E0, Jo, Lo) = \(u® 1 -2®v).
Let yk £ H2k~x(U(n); R) be canonical generators of the cohomology ring H*(U(n); R) and A,y2/.-i e H4h~3(U(n)/O(n); R) denote the canonical generators of the cohomology ring H*(U(n)/0(n); R). If F is trivial and it is classified by a map /: Af -► U(n)/0(n), then the pullbacks A^.^a-i = /*A«j>2/,_i are Maslov classes in the sense of Kamber and Tondeur [KT] .
Let Uj(E) denote the total space of the principal U(n)-bundle associated with E.
It follows that H*(Uj(E);R) is isomorphic to H*(M;R) ® H*(U(n);R) as H*(UJo(E0); R). 
Symplectic vector bundles
Let ue'-E -> M be a C°° symplectic 272-vector bundle over a manifold M of dimension m with its structure defined by a nondegenerate cross-section Q of A2 E*, where E* is the dual bundle of E . By taking a complex structure J compatible with Q, E becomes a complex 7j-vector bundle. The principal GL(t7 , C)-bundle associated with E has a U(n)-reduction, that is, a principal U(n)-bundle n: Uj(E) -> M.
Let L c E be a Lagrangian subbundle, i.e., a real 77-dimensional subbundle with Q\L -0. Then the structural group of E is reduced to 0(n) and one gets a principal 0(n)-subbundle of Uj(E), n: Uj(E, L) -> M with equivalent unitary frames e, = (e, -yf-lJei)/y/2 for orthonormal basis e, £ L, i = 1, ... , 77.
An 0(77)-connection 6 on Uj(E, L) is extended to a U(n)-connection on Uj(E) naturally. Since the Chern polynomials of odd order vanish on the Lie algebra of O(n), for the curvature form 0 = dd+ [d, 6] we have c2n_x (0) = 0. ck(Q) is denoted by A(6)ck when the connection 6 is emphasized. It is also denoted by ck(Q^) showing the &-multilinear property.
Let A1 denote the standard 1-simplex, td for t £ A1 is a differential 1form on Uj(E) x A1, which is not necessarily a connection on the U(n)-bundle Uj(E) x A1 -♦ M x A1. We take a "formal curvature" of td , where 0, is defined by 0, = tdd + t2[6,6] = tO + t(t -l) [d, 6] .
A suspension form of the Chern form A(0)c2h_x = c2h-X(&) is defined by
Jo where fAI means an integration over the fiber of the A1-bundle M x A1 -► M.
By Chern and Simons [CS] , one obtains d(T(6)c2h_x)=A(d)c2h_x=0, and the de Rham cohomology classes [T(d)c2h_x] £ H^3(Uj(E)) s HAh~3(Uj(E); R) does not depend on the choice of an 0(7z)-connection 9. This fact is due to the A1-bundle Stokes formula. These cohomology classes are called the Chern-Simons-Maslov classes of (E, J, L) and are denoted by fih(E,J,L).
2. The C/(77)-bundle U(n) x0(n) U(n) on M0
The principal 0(n)-bundle U(n) -» U(n)/0(n) = M0 determines an ndimensional Euclidean vector bundle L0 -> M0. This is canonically extended to an 77-dimensional Hermitian vector bundle 7i£0: Fo -► Mo with a complex operator J0.
Eq is a symplectic 2n-vector bundle with the skew 2-form Slo(v, w) = -lmho(v , w) where ho is the Hermitian form of Fo, Imho is its imaginary part, and v , w are vectors of Fo . L0 is identified with a Lagrangian subbundle of EQ.
The principal £/(77)-bundle associated with Fo is 770: Uj0(E0) = U(n) x0(n) U(n) -> M0.
By the section 5o: M0 -> U(n) x0(n) U(n) induced from the off-diagonal map U(n) -» U(n) x U(n), g >-^ (g, g~x), it follows that the principal C(77)-bundle Uj0(E0) is trivial; that is, we have a bundle isomorphism U(n)x0(n)U(n)^MoxU(n).
Under this isomorphism, the 0(77)-subbundle associated with Lo goes over to 3(U(n)) c Mo x U(n) according to the reduction argument of a structural group, where the map 3: U(n) -* Mo x U(n) is defined by 3g = (no(g), g). Indeed, 3 is a bundle map covering the diagonal map 3 of Mo, and we obtain a Lemma 3. A u(n)-valued l-form co-coo on Uj0(Eo) is the 0(n)-basicpart of co.
Proof. Since 6 is the extension of O7o, it follows that for X £ T(U(n)) coo(X) = 8*9(X) = 9(3t(X)) = 6((no.(X), X)) = d((no. (X), 0)) + 0((O, X)) = 0(50.770, (X)) + co(X).
Therefore, we get (co -co0)(X) = co(X) -coo(X) = -n*0So*d(X), which means that co-coo is annihilated by 0(77) and invariant under the right translation by 0(77). D Since too is obviously flat, its U(n)-extension 9 is flat too, and hence the curvature 0 of 8 is 0. Thus it follows that ™<*--X-'S-i'^'g^-fc'*!! aB*a...a3E}a*
A-A(teJ^\+t(t-l) [9, 9] It is well known that H*(U(n)\R) = H*(u(n)) = f\(yx ,...,y") and for tj' = 2[(t7+1)/2]-1 that H*(U(n)/0(n); R) " H*(u(n), O(n)) = /\(yx, y3,... , y">).
Hereinafter, we denote y2h-\ in H*(U(n)/0(n); R) by A.v^-i • 3. yk , A,y2h-\ , AND THE CLASS fi1 (E0, Jo, L0)
In the trivialization, UJq(E0) = M0 x t/(«), let i0: U(n) -* UJo(E0) be the inclusion map defined by g >-* ([7"], g) for g £ U(n), where 7" is the unit element of U(n).
Lemma 4. Let 8 be the natural extension of the 0(n)-connection coo on U(n) -* M0 to Uj0(E0). Wehave s^[T(9)c2h-\] = -Aty2h_x and i*0[T(9)ck] = yk. Proof. Since tCqSqB is the 0(n)-basic part of co by Lemma 3, it follows that s*o[T(9)c2h-X] = [T(s*o8)c2h"x] = s^[T(n^09)c2h_x] = -A,y2A_i. Since 0 is the C/(7z)-connection, we have i*o\T(9)ck] = [T(i*09)ck] = [T(co)ck] = yk. D It is known that nx(U(n)) = Z and nx(U(n)/0(n)) = Z (see, e.g., [M] ), and hence we get Hx(U(n)) = Z and Hx(U(n)/0(n)) *Z.
Proof of Theorem 1. By the Kunneth formula for cohomology rings (see, e.g., [S] ), we have Hx(UJo(E0); R) = HX(M0 x U(n); R) = HX(M0; R) ® 1 + 1 ® Hx(U(n); R), and the identification formula for p £ Hx(Uj0(Eo); R) under this isomorphism is p = s^p ® 1 + 1 ® i^p. 
